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Abstract 
In this paper we solve the following problem: Given an integer m, construct a digraph with 
exactly one source S, exactly one sink t and exactly m arcs such that the number of paths from 
s to t is maximized. 
1. Introduction 
A &graph G = (V(G), E(G)) consists of a finite set V(G) of nodes and a set E(G) of 
arcs. E(G) is a subset of the Cartesian product (V(G) x V(G)) containing only ordered 
pairs (x, y) with x # y. E(G) contains in particular for x, ye V(G) at most one arc 
(x, y). The arc (x, y) emanates from its initial node x and goes to its jinal node y. 
Given an arc (x, y) E E(G), x is called a predecessor of y and y is called a successor of x. 
A node x E V(G) without predecessors is a source of G and a node x E V(G) without 
successors is a sink of G. A path PA from the node x to the node y is a sequence 
cu 0, . . . . v,]ofnodeswithr~ l,~~=x,v~=y,(v~,v~+~)~Eforp=O,...,r- land 
up # up’ for 0 d p < p’ d r. A cycle is a sequence [vo, . . . , v,] of nodes with r 2 2, 
v. = v, and up # up, for 0 < p < p’ < r. Two paths are called distinct if they are not 
identical sequences of nodes. The digraph G without cycles is an acyclic digraph. For 
vl, v2 E V(G) we denote by # (vl, v2) the number of distinct paths from v1 to v2. 
Let ke N. For 1 < K < k let G, be a digraph with source s, and sink t,. The 
(G l, . . . , G,)-concatenation is the digraph we obtain by setting s, = t,_ 1 for 
K = 2, . ..) k. The digraph G is called a concatenation of the digraphs G1, . . . , Gk, if there 
exists a permutation II = (,f:::,k,) such that G is the (G,,, . . . , G,*)-concatenation. For 
two distinct concatenations G and G’ of the digraphs G,, . . . , Gkr it trivially holds that 
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_ the number of distinct paths from the source of G to the sink of G is the same as 
the number of distinct paths from the source of G’ to the sink of G’ 
- IE(G)I = IE(G’)I. 
With 3 we denote the set of all digraphs with exactly one source s and exactly one 
sink t, and for m E N ‘?& denotes the set of all digraphs GE 9 with m arcs. Sh is the set 
of all acyclic digraphs GE’??~. For GE%,,, we set P(G) = #(s, t). Let S,!, c g,,,. 
A maximum element of Sk is a digraph G+ ~9: with P(G+) = maxGE3; P(G). 
In [3,4] Per1 treated the following problem: For given rnE N, construct a digraph 
G* EC!?; such that P(G*) = max&s: P(G). Per1 proved the following theorem. 
Theorem 1.1. For given integer m, let F(m) be the digraph 
i < n(m) - l} - with node set (1, . . . . n(m):= (m + 3)/2} and arc set {(i, i + 1) 11 d 
u {(i, i + 2) 11 < i < n(m) - 21, if m is odd, 
_ with node set {l, . . . . n(m):= (m + 4)/2} and arc set {(i, i + 1) 11 d 
u {(i, i + 2) 11 < i < n(m) - 4) u {(n(m) - 2, n(m))}, ij-m is even. 
It holds that P(F(m)) = maxGSgk P(G). 
i d n(m) - l> 
Let a, be the vth Fibonacci number defined as a1 = az = 1, a, = a”_2 + a,_l for 
v 2 3. It holds that P(F(m)) = unCmj for odd m and P(F(m)) = 2a,,C,j-2 for even m. 
F(m) is called a Fibonacci graph if m is odd and an almost Fibonacci graph if m is 
even. A different proof for the maximality of F(m) in Sk is given by Delivorias 
[l], where it is also proved that, for odd m, F(m) is the unique element of Sk max- 
imizing P(G) and, for even m, F(m) and the digraph F’(m) with node set 
V”(m)) = %%))\{n(m)1 an d arc set E(F’(m)) = E(F(m)) u {(n(m) - 4, n(m) - l), 
(n(m) - 3, n(m) - l)}\{(n(m) - 2, n(m)), (n(m) - 1, n(m))} are the elements of 
3; maximizing P(G). In the same paper we also determined the acyclic digraphs 
maximizing the number of distinct paths from sources to sinks for the sets of digraphs 
having m arcs and 
- at least one source and at least one sink, 
_ exactly ml sources and/or exactly m2 sinks. 
In this paper we solve the problem of constructing, for given m, a digraph G$E%,,, 
with P(Gz) = maxoEQ, P(G). Gz is called maximum path digruph. In [4] Per1 pro- 
posed a solution for this problem, but did not prove his conjecture. 
The case m < 9 is treated in Section 2. In Section 3 (Section 4) we define for m > 9 
a subset s< of %,,, (gm ‘sC of SC). In Section 5 we determine necessary conditions for 
digraphs G of S$” to be maximum elements of S$“. In Section 6 we determine 
maximum elements of 34 and prove that they are also maximum elements of g,,,. 
The problem of maximizing the number of paths between two specified nodes was 
also treated in [2,4,5]. 
In [4] Per1 also considered digraphs with parallel arcs and proved that for a given 
number of arcs the external digraph is an s-t chain. (A digraph is an s-t chain if there 
exists a sequence of all its nodes s = 1,2, . . . , n = t such that all arcs are of the form 
(i, i + l), 1 d i < n.) In [2,5] the problem was studied for given numbers of both, 
nodes and arcs. In [2] Golumbic and Per1 showed that there exists an extremal 
digraph containing a Hamiltonian path, thus uniquely ordering the nodes. Hence, all 
arcs are of the form (i, j) with i < j. It is further shown that if the digraph contains an 
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P(F(3)) = 2 
P(F(5)) = 3 M 
Fig. 1. (Almost) Fibonacci graphs for m = 3, 5, 6,7, 8. 
arc of length k (the length of an arc (i, j) is k = j - i), then it contains all arcs of 
length 1-c k. In [S] Per1 and Zaks investigated the distribution of arcs of length k in 
a deficient k-generalized Fibonacci graph which is a digraph containing all arcs of 
length 1-c k, and some arcs of length k. 
The number of paths in a maximum path digraph is of interest in the analysis of 
algorithms in which the number of computations depends on the number of paths in 
a corresponding digraph; e.g. algorithms for finding all distinct paths between two 
distinguished nodes of a given digraph. 
2. Maximum path digraphs with at most 9 arcs 
As mentioned, Per1 [4] and Delivorias [l] proved that P(F(m)) = max&gm P(G), 
i.e. (almost) Fibonacci graphs are maximum elements out of the set of all acyclic 
digraphs. So we formed digraphs with at least one cycle to “compete” with (almost) 
Fibonacci graphs. In [6] we proved the following theorem. 
Theorem2.1. Let me{1 ,..., 9} and let Gz be a maximum element of g,,,. Then 
P(F(m)) = P(G3, ldmd8, 
P(F(m)) = 8 < 9 = P(Gz), m = 9. 
Theorem 2.1 simply says that for all m E { 1, . . . , S} (almost) Fibonacci graphs are 
maximum path digraphs as well. In Fig. 1 we show some examples. 
For m = 9 there is a maximum element G,* E ?&, with ( V(G,*)/ = 5 nodes, exactly 
one cycle and P(G$) = 9 > 8 = P(F(9)) paths from s to t. In the remainder G$ will be 
referred to as the C-9 digraph (C: cycle, 9: 9 arcs/paths) (Fig. 2). 
ax 1flq uo .mj~f pasn aq II!M qq~ weuruq put2 suoygap acuos asnpow! Lou aM 
.japow lanai ayl a3npow! aM sqde&p 30 uo!lwuasaJda~ wo3!un E ap!Aold 01 laplo UI 
sqdmfhp JO y bradold pua lapour 1a”al q~ ‘c 
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L(G) 
Fig. 3. A level model L(G) of a digraph G. 
Fig. 4. 
This definition implies that if a digraph contains an articulation node this node is 
included in every path from s to t. In the example shown in Fig. 3, the nodes 2 and 
5 are articulation nodes. 
Lemma 3.3. For all m E FV there is a maximum element GE 9,,, with 1 L’(G) 1 6 5. 
Proof. Let G’E %,,, and 1 L’(G’) 1 2 6. Then there is a digraph G with V(G) = V(G’) u 
{s’,b}, E(G)=E(G’)\C’(G’)u{(s,s’),(s,b),(b,s’),(s’,i) (i~{l,...,IL’(G)l})}, 
such that the following holds: 
(i) IHG)l = IE(WI, 
(4 f’(G’) = Ci,zLi(G’) # 6, t) d 2CjsL2(G) # (j, t) = P(G), 
(iii) IL’(G)1 = 2. q 
Such a rearrangement of the Co-constellation of a digraph G’ with I L’(G’)I = 6 
leading to a digraph G with I L’(G)1 = 2 is illustrated in Fig. 4. 
In [6] we proved the following lemma. 
Lemma 3.4. For all m > 9 there is a maximum element GEM,,, such that t$L’(G). 
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Lemma 3.5. For all m > 9 holds p*(m) > p*(m - 1). 
Proof. For all m > 9 there is a maximum element GE%~ such that t$Ll(G). This is 
equivalent to (s, t)$E(G). So, adding (s, t) to E(G) will always increase the number 
of paths (but, in general, the resulting digraph is no longer a maximum element 
of%n+,). 0 
Definition 3.6. Let G be a digraph and let (1, k) E E(G). Then (I, k) is called a reverse 
arc iff leLj(G), kEL’(G) and j > i. 
In the example given in Fig. 3 (6,4) is the only reverse arc of the digraph G. 
Definition 3.7. A digraph is said to have property A iff there is no reverse arc 
(j, i) E E(G) with iELI( 
Definitions and conventions 3.8. (a) A digraph with property A is called an A-digraph, 
in short. The set of all A-digraphs will be denoted by YA and, for m E N, St: = {GE ‘SAl 
IE(G)I = m>. 
(b) A digraph GE%: is called a maximum A-digraph iff P(G) = maxG8Eg; P(G’). 
(c) We set p:(m) = P(G) iff GEB~ is a maximum A-digraph. 
(d) Let GEM:. Then, we denote the nodes of L’(G) with xi, x2, . . . . xk (k = ILl(G 
and the nodes of L’(G) with y,, y,, . . . , y, (1 = 1 L’(G)I). Further, we fix the following 
orders: #(s,xJ 3 #(s,xz) 3 ... 2 #(s, Xk), # (Yl, t) 2 # (Yz, 0 3 ... 3 # (Yl, t). 
4. Cl-constellations of maximum A-digraphs 
Not all possible Cl-constellations of A-digraphs can be Cl-constellations of max- 
imum A-digraphs. In this section we give a set of constellations that are candidates for 
maximum A-digraphs. 
Definition 4.1. We define 
gAsC := {GE%~I C’(G) = {(xl, yi) (i = 1, . . . . k = IL2(G)I), 
(xj,yl)(j=2,...,16 ILl(G 5)}}, 
S’$” := {GES~T~I IE(G)I = m>. 
Theorem 4.2. For all m > 9 S$” contains a maximum element G of 9:. 
Proof. Let G be a maximum element of 9:. First, we may assume I L’(G)1 6 5 
(Lemma 3.3) and t$L’(G) (Lemma 3.4). Further, we obviously may impose on G to 
fulfill the following requirements (Rl), (R2) and (R3): 
(Rl) All yip L2(G) have at least one predecessor xi E L’(G). Because #(s, xi) 3 
#(s, x,) (r = 2, . . . . IL’(G)I), we require that x1 is the predecessor of each yj. 
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Fig. 5. A Cl-constellation. 
(R2) For all nodes Xi E L’(G) which have at least one successor yj E L2(G), we require 
that y, is successor of each of that Xi (because # (yi, t) > #(y,., t) (Y = 2, . . . , lL2(G)l)). 
(R3) Let x,., x,+ I EL’(G) and yi EL’(G). Then if (x,.+ i, yi) EE(G), we require that 
(x,, yi > 6 E(G) (because # (s, x,) 2 # (s, x,+ 1)). 
Now 
C’(G) = {(Xl, yi) (i = 1 2 ...T k = IL,“(G)l), (xj> YI> (j = 2, ...> 1 d ILl(G)I < 5)) 
u {“another arc (x, y)“). 
If {“another arc (x, y)“} = 8, the proof is done: GE%$~. If not, C’(G) contains at 
least k + 1 arcs. Introducing an articulation node b and replacing C’(G) by {(Xj, b) 
(j= l,..., I)> <b, yi> (i = 1, ...) k)}, we form a new digraph G’ with lE(G’)I < [E(G)1 
yet P(G’) 2 P(G) and G’E%$~. 0 
A “typical” C’-constellation is shown in Fig. 5. Note that not all Xi ELM need to 
have a successor yj E L2(G). Such Xi E L1 (G) are not represented in the constellation. 
Theorem 4.2 implies that the search for a maximum element of 94 can be reduced 
to the search for a maximum element of 9~~“. 9 A,C itself can be broken down into 
more suitable portions by classifying digraphs G of gave by their C ‘-constellation. In 
the remainder we refer to C’(G) as the C’-constellation u~,~, for short, where k is the 
number of y-nodes and 1 is the number of x-nodes associated with the arc set C’(G). 
u~,~ provides a unique identifier for a C’-constellation and is also used for classifying 
purposes: the set of all u~,~ of digraphs GE 9 A*C is arranged in a matrix, called matrix 
JZ?. d is given in Fig. 6. 
5. The investigation of Cl-constellations 
In this section we consider all Cl-constellations of digraphs G E%‘~*~. Because of the 
restricted place it is not possible here to give all theorems and lemmata; for details the 
reader is referred to [6]. However, we will introduce the four basic techniques used in 
proofs by applying these techniques in four sample investigations. The overall result 
achieved in this section is the basis for constructing maximum A-digraphs. 
5.1. The C’-constellation aI,I 
Theorem 5.1. Let m > 9. A &graph GE~~~~ with C’(G) = a,,, (Fig. 7) is not a max- 
imum element of S$“. 
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k = lLzl = 1 
k = lLzl = 2 
k = ILzl = 3 
k = lLzl = 4 
k = IL21 2 5 
Fig. 6. Matrix d. 
Fig. 7. C’xonstellation a,, , 
Proof. Removing (xi, yi) from E(G) and replacing y, by x1 in all (yr, zj) E C’(G) 
yields a digraph G’ with IE(G’)I = [E(G)1 - 1 and P(G’) = P(G). Because of the strict 
monotonicity of P (Lemma 3.5), G cannot be a maximum element of Si*“. q 
The above proof is an example for the first simple technique used in proofs: Due to 
the strict monotonicity of P a digraph G E 94,” (m > 9) is not a maximum element of 
3 $‘, if there exists a digraph G’E~!?$?~ with P(G’) 2 P(G). 
5.2. The C’-constellations ai,l (i = 2, 3, . ..) 
In a digraph GE%$~ with C’(G) = ai, (i = 2, 3, . ..) (Fig. 8), x1 E V(G) is an 
articulation node. Therefore, G may only be a maximum element of ‘S$” if the 
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Fig. 8. Cl-constellations Q,,~ (i = 2, 3, . ..). 
Fig. 9. Subgraph G’ of G 
subgraph G’ of G, where 
VG’) = (s, x1, xz, . . . . xk} = V(G), 
E(G’) = {C”(G) u {E(L’(G))} c E(G) 
(5.1) 
is a maximum element of S$” (m’ = IE(G’)I). 
For our purposes it is sufficient to consider only G’ which is (informally spoken) the 
part of G from s to x1. G’ is shown in Fig. 9. Note, that G’ is not presented in its level 
model. 
In order to prove the next two lemmata, we introduce the following set of arcs of 
a digraph G: E”(G):= {(i,j), (i x1) 1 i,j~{x~, x3, . . . . xk}, k = ILl(G) 
Lemma 5.2. Let G’ be dejined as in (5.1). Let further E(G’) 3 E”(G’). Then G’ may only 
be a maximum element of 9$“, ifm’ = 3 and P(G’) = 2 or m’ = 7 and P(G’) = 5. 
Proof. Because of Lemmata 3.3 and 3.5 we may assume 2 d k < 5. Since 
E(G’) =) E”(G’), E(G’) is uniquely determined for each k E {2, 3, 4, 5}, allowing us to 
take count of the number of paths from s to xi. 
k = 2: P(G’) = 2 = P(F(m’ = 3)), 
k = 3: P(G’) = 5 = P(F(m’ = 7)), 
k = 4: P(G’) = 7 < 21 = P(F(m’ = 13)), 
k = 5: P(G’) = 25 < 144 = P(F(m’ = 21)). 0 
Lemma 5.3. Let G’ be dejined as in (5.1). But let now E(G’)$I?(G’). Then there exists 
a digraph GE ‘9::’ with C’(G) = a1.j (j E {2,3,4}) and P(G) 2 P(G’). 
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Fig. 10. Cl-constellations ai,3 (i = 3,4, . ..). 
C’(G) C’W, ‘.%G’) C’(H), C2(H) 
Fig. 11. Rearranging C’(G) yields the digraphs G’, H E Y$“, respectively. 
Proof. Due to Lemmata 3.3 and 3.5 and since E(G’)$E”(G’), we may assume 
3 < k < 5. If there is an arc (xj, x,)#E(G’) (xjE{XZ, x3, . . . . x,}), we choose E(G) = 
E(G’)\{(s, xl>> ” {< j, x x1)}. Otherwise (because E(G’)+E(G’)) there is an arc 
(Xj,xl)~E(G’)(xj,XIE{Xz,X3,..., x,}), in which case we choose E(G) = E(G’)\ 
{(s, xl>} u {<xj> xl>>. In both cases we form a digraph GE%‘$~ with Cl(G) = ar,j 
(j~{2,3,4}) and P(G) 3 P(G’). 0 
Theorem 5.4. Let m > 9. A digraph GEY$~ with C’(G) = ai, 1 (i = 2, 3, . ..) may only 
be a maximum element of S$” if 
P(G) = max{P(F(m’)).p*(m - m’) (m’E(3, 7)), P(G’)}, 
where G’ is a maximum element of99$’ with C’(G’) = a,,j (j E (2, 3, 4)). 
Proof. Straightforward, using Lemmata 5.2 and 5.3. 0 
In the proof of Lemma 5.3 we applied the second basic technique used in proofs: If 
for a digraph G with C1 (G) = ai, j (G possibly fulfilling some additional conditions) we 
can construct a digraph G’ with P(G’) > P(G), [E(G)1 = IE(G’)l and C’(G’) = ak,l 
(ai,j # a& then it is sufficient to investigate G’ only. Clearly, one has to make sure 
that this kind of forward referencing is acyclic. 
5.3. The C’-constellations ai. (i = 3,4, . ..) 
Theorem 5.5. Let m > 9. A digraph G E??$’ with C’(G) = ai, (in {3,4, . ..}) (Fig. 10) 
may only be a maximum element of S$“, zj”P(G) = P(F(3)).p*(m - 3). 
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Proof. We choose V(G’) = V(G) u {b}, E(G’) = E(G)\C'(G) u {(x,, b) (p = 1,2,3), 
C&y,> Co= I,..., i - l)} thereby forming digraph G’ E 9 $” (see Fig. 11). 
f’(G)= #(s,xl). 1 #(~,,t)+(#(s,x,)+ #(s,x~).#(YI>~), 
a=1 
P(G') = i #(s, xk,.‘~ #(y,, t). 
k=l a=1 
Assuming G to be a maximum element of Siq”, P(G) 3 P(G’) holds. Then # (s, x1). 
# (Yi, t) 2 (# (s, x2) + # (s, x3)). #(ye, t) holds as well and because #(y,., t) 2 
#(Y,+,, t), see Conventions 3.8, # (s, x1) 3 # (s, x2) + # (s, x3). Consequently, 
P(G)< #(s,xi). i: #(y,,r)+ #(s,xi).#(~i,O (5.2) 
a=1 
We now choose V(H) = V(G) u {a, b}, E(H) = E(G)\Cl(G) u {(x1, a), (xl, b), 
(a,b>, (b,y,)(o= I,..., i - l)}, thereby forming digraph HE~$~ (see Fig. 11). 
i-1 
P(H) = #(s, x1).2. 1 #(y,, t) < P(F(3)).p*(m - 3). 
a=1 
With (5.2) the following holds: P(G) < P(H) < P(F(3)).p*(m - 3). 0 
In the proof of Theorem 5.5 we applied the third basic technique used in proofs: 
Given a digraph GE S$” with Cl-constellation ai,j the rearrangement of a subset of 
arcs of G may yield an alternative digraph G’E%$~ with the following properties: 
(a) P(G) d P(G’) d P(F(m’)).p*(m - m’), 
(b) m’ is given by the construction of G’. 
Then, G may only be a maximum element of S$“, if P(G) = P(F(m’)).p*(m - m’). 
Remark. For some ai,j this technique (or another one) has to be applied several times, 
leading to what may be classified as a binary branch and bound tree. 
5.4. Results of the investigation of further C’-constellations 
The investigation of three other C’-constellations is similar to that of 
Ui,3 (i = 3,4, . ..) given in Section 5.3. Therefore, we only provide the result. 
Theorem5.6. Let m > 9. A &graph GEQ$~ with C’(G) = Ui,2 (iE{3,4,...}) or 
C’(G) = ui,4 (iE3,4, . ..}) or C’(G) = Ui,5 (iE{2,3,...}) may only be u ~z~x~~u~ 
element of S2”, ifP(G) = max{P(F(m’)).p*(m - m’)(m’E{3,7]3. 
5.5. The Cl-constellation a2,3 
In order to prepare the fourth basic technique we introduce the following notations: 
Let m > 9, GEQ$~ and (xl, xk) l E(Ll(G)). Then %“- denotes the set of paths from 
s to xl excluding the path consisting of the arc (s, xl) only. Further, Ew denotes the 
set of arcs used for the paths in ?V and U denotes the set of arcs {(s, x1), (x1, xk), 
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Fig. 12. CL-constellation a2,3 
Table 2 
#(s, XI) = P(G) < IWI= l-b + IUI 2 P(G’) = 
8 24.#(s,x1)+8.#(y,,t) 7 (9+ 6=)15 36. #(S,YI) (a) 
7 2l.#(s,x1)+7~#(yz,t) 6 (8 + 6=)14 21.#(s,y,)+ 13.#(yz>t) (b) 
6 18.#(s,x1)+6~#(yz>t) 5 (7 + 6=)13 l8.#(s,y,)+9.#(Y,>t) (C) 
5 ll~#(s,x,)+5~#(Yz,~) 4 (6 + 6=)12 18. #(s>yd (d) 
4 lo.#(s,xI)+4~#(Y,,t) 3 (5 + 6=)11 ~o.#(s,Y,)+~.#(Y~,~) (e) 
C’(G)}. Hence, {E, u U} c E, Ew n U = 0. The out-degree of a node Z~E V(G) will 
be denoted by S’(u), the in-degree by S-(V). 
Lemma 5.7. Let m > 9, GEQ$~ and C’(G) = a2,3 (Fig. 12). Let further 6-(x3) 3 2, 
3 < #(s, x1) < 8 and 6+(x1) = 3 (these properties are proved in the preceding lemmata 
of the investigation of a2,3). Then G may only be a maximum element of 9$“, if 
#@,x,)=3. 
Proof. In Table 2 we consider the cases given by # (s, X~)E {4,5,6,7, S}: 
~ P(G) = (# (s, ~1) + # (s, ~2) + #(s, x3)). # (YI, t) + #(s, XI). # (~2, 4 
d 3~#(s,xl)~#(yl,t)+ #(s,xd.#(~~,t),if #(s,x1)~{6,7,8}, 
_ P(G) < p’, where p’ is given by construction of G, if # (s, X~)E (4, 5). 
- ( W 1 = # (s, x 1) - 1, which follows from the definition of W. 
~ lEwl > m, where P(F(m)) = lWl( m is the minimum number of arcs required for 
1 W 1 paths). 
~ 1 U I = 6 is determined by the definition of U and the assumptions of this lemma 
(namely 6+(x1) = 3 and C’(G) = a2,3). 
For all # (s, x1) E (4, 5, 6,7, 8) we rearrange at most lEwl + I U I arcs of Ew u U in 
an appropriate way such that we achieve an alternative digraph G’, where P(G’) is 
given by the construction of G’. 
Digraph G’ can easily be formed using the following hints (see also Table 2): 
ad(a): Usethe 15 d lEwl + lUlarcsforP(F(6)).P(C - 9) = 36pathsfromstoy,. 
ad(b): Let s’ be the source and t’ the sink of the Fibonacci graph F(13). Then 
P(F(13)) = #(s’, t’) = 21 and there is a predecessor t” of t’ with 
# (s’, t”) = 13. Choose t’ = y, and introduce the (14th) arc (t”, y2). 
ad (c): Analogous to (b); 18 = P(C - 9).P(F(3)). 
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ad (d): Analogous to (a); 18 = P(C - 9). P(F(3)). 
ad (e): Analogous to (b); 10 = P(F(10)). 
So, for all #(s, xi)~{4, 5, 6, 7, 8) IE(G)l 3 IE(G’)J yet P(G) < P(G’), i.e. G may 
only be a maximum element of Si,“, if # (s, xi) = 3. 0 
The proof of Lemma 5.7 is an example for the fourth basic technique used in proofs. 
Given a digraph G E S$” where # (s, xi) is restricted to a few known numbers, it may 
be appropriate to consider G for each of them accordingly to the following “algo- 
rithm”: 
Step 0: Fix # (s, x1). 
Step 1: Estimate P(G) (e.g. by using #(s, xi) from Step 0 (“P(G) 6 . ..“)) 
Step 2: Estimate the number of arcs required for EW and U(“(E,I + I U( 3 . ..“) 
Step 3: Rearrange at most I&- + I U 1 arcs of EW u U such that for the new 
digraph G’, P(G’) is determined by the construction of G’ and P(G) < P(G’) (i.e. G is 
not a maximum element of %m ‘sC for # (s, x1) actually fixed). 
The purpose is to rule out as much as possible # (s, xi) to achieve one addi- 
tional property required for further investigations of G. Here, this property is 
#(s,x1)= 3. 
5.6. The overall result achieved by investigating Cl-constellations 
There are still the digraphs with the following C’-constellations to be considered: 
at,2, a1,3, a1,4, a1,5, a2,2, a2,3 (in part considered above) and a2,4. The results of 
these investigations are subsumed in Theorem 5.8. By this theorem we sum up the 
investigations of digraphs with Cl-constellation ak,r. Since for all m a maximum 
element of S$” is also a maximum element of 32, we may state: 
Theorem 5.8. Let m > 9 and Q = {3, 5, 6, 7,9, 10, 11, 13, 17). 
(a) If m E { 10, 11, 13,17} the digraph F(m) is a maximum element of%;, i.e. we can set 
Gz = F(m). 
(b) Zfm${ 10, 11, 13, 17) there exists an m‘E Q such that any concatenation of G’ and 
G”, where G’ resp. G” is a maximum element of Scf resp. S$,,,!, is a maximum element 
Of Sf. 
In Table 3 we examine the concatenation of Sz, and S$, for all pairs (ml, m2)E 
(Qu~8~MQ43)). 
The entry corresponding to the concatenation of Sz, and SE, contains in the first 
line the product p~(m,).p~(m,), i.e. the number P(G), in the second line the sum 
m, + m2, i.e. the number IE(G)I, in the third line numbers ml(G), . . . . m,,,,(G) with 
mr (G) + ... + m,o,(G) = [E(G)1 such that the (%$1(GJ, .. . , %&cc,(G))-concatenation 
G’ is a maximum element of 9&,,,, and in the fourth line the number P(G’). The entry 
corresponding to a concatenation G is printed in the usual type if P(G) < P(G’) and in 
bold italics if P(G) = P(G’). 
Since for the (%g,, g$,)-concatenation G and the (gz,, %z,)-concatenation G’ the 
relations P(G) = P(G’) and 1 E(G)1 = I E(G’)I hold, it is sufficient to present the results 
for all pairs (m,, m2)E(Q u (8)) x (Q u (8)) satisfying ml d m2. 
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Table 3 
Concatenations of maximum elements of Si with m E Q 
F(3) F(5) F(6) F(7) F(8) c-9 F(lO) F(11) F(13) FU7) 
F(3) 
F(5) 
F(6) 
F(7) 
F(8) 
c-9 
F(lO) 
FUl) 
FU3) 
F(17) 
4 
6 
313 
4 
6 8 10 12 18 20 26 42 110 
8 9 IO 11 12 13 14 16 20 
315 9 317 11 913 13 915 917 9/l 1 
6 9 10 13 18 21 21 45 117 
9 12 15 18 27 30 39 63 165 
10 11 12 13 14 15 16 18 22 
317 11 913 13 915 916 917 919 9113 
10 13 18 21 27 36 45 81 189 
16 20 24 
12 13 14 
913 13 915 
18 21 27 
36 
15 
916 
36 
45 
16 
917 
45 
54 
17 
17 
55 
81 
18 
919 
81 
40 52 84 220 
16 17 19 23 
917 17 9/10 91915 
45 55 90 243 
25 
14 
917 
27 
30 
15 
916 
36 
36 
16 
917 
45 
50 65 105 
17 18 20 
17 919 9111 
55 81 117 
275 
24 
91916 
324 
60 78 126 330 
18 19 21 25 
919 9110 91913 91917 
81 90 162 405 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
- 
90 
19 
9jlO 
90 
100 
20 
9/11 
117 
117 189 495 
20 22 26 
9111 9113 9/l 7 
117 189 495 
- 
- 
- 
- 
- 
- 
- 
- 
130 210 550 
21 23 21 
91913 91915 91919 
162 243 729 
169 273 715 
22 24 28 
9113 91916 s/9/10 
189 324 810 
- 
- 
441 1155 
26 30 
9117 9191913 
495 1458 
- 
3025 
34 
9191917 
3645 
- 
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6. Maximum A-digraphs are maximum path digraphs 
Theorem 6.1. Let m > 9. 
(a) There exists exactly one m’ E Q such that m’ mod 9 = m mod 9. 
(b) Letk=(m-m’)/9andG1=... = Gk = Gg. Any concatenation of G1, . . . . Gk, 
Gk+l, where G,,, is a maximum element of Sic, is a maximum element of 3;. 
Proof. ad (a): One can easily verify that there exists a mapping rp of Q onto (0, . . . , S} 
such that for each m’ E Q it holds that cp(m’) = m’ mod 9. 
ad (b): (1) Repeated application of part (b) in Theorem 5.8 yields, since p;(l) = 
p:(2) = 1 and p:(3) = p;(4) = 2: 
ForanymEN\{l,..., 9} there exists a k+ < m and a sequence M = ml, . . . , mk+ 
satisfying 
(i) mI + “’ + mk+ = m, 
(ii) mK EQ for 1 d K < k+, 
(iii) mk+ E Q u {8}, such that, if for K = l(l)k+ G, is any maximum element of 
a$,, any concatenation of G1, . . . , Gkt is a maximum element of 9:. 
(2) Let (m;, m;) be a pair with m;, rn;EQ u {8}\{9} and ml + rn; 2 9. 
(i) For (m; + m;) E Q it holds that, as shown in Table 3, 
p%mi).pZ(mi) 
i 
= p:(rn; + m;), if (m;, m;) = (3,7), 
< pf(m; + m;), if (m;, m5) # (3,7). 
(ii) For (m; + m;)$Q there exists a k‘E N with k’ < (m; + m;)/9 such that 
pS(rn;).p;(rn$) < (pZ(9))k’.p2(m\ + rn; - k’.9). 
(3) Let GE%‘:. For the sequence M considered in (1) it holds that P(G) d 
P(%:J. ...’ P(3~k+). According to (a) there exists only one m’ E Q such that 
(ml + ... + mk+) mod9 = m’mod9. Hence there exists according to (2) exactly one 
m’ E Q such that 
P(G) < I’(%&). .... P(g&+) d (p;(9))k.p2(m’). 0 
We can now prove the following theorem. 
Theorem 6.2. Let m E N. Any maximum element of ‘23: is also a maximum element of %,,,, 
i.e. p:(m) = p*(m). 
Proof. Form d 9 the statement has been proved in Section 2. Let m > 9. We consider 
a maximum element G’ of $!&,. The (G G, G’)-concatenation G is an element of %i+ 9, 
since Gg E Gt, satisfying P(G) = P(G$).P(G’) = p2(9).p*(m) 2 p2(9).p:(m) = 
9.p;(m). Since GE??~+~, Theorem 5.6 implies P(G) d p:(m + 9) = 9.p:(m). Com- 
bining these two inequalities yields p*(m) = p:(m). Hence, any maximum element of 
??i is also a maximum element of 5!&. 0 
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Fig. 13. Two maximum path digraphs of 27 and 28 arcs, respectively. 
Finally, we recall the following result: For m < 9, F(m) is a maximum element Gz of 
‘Sm. The C-9 digraph is a maximum element G G of gg. For m > 9 let m’ be the element 
of Q with mmod9 = m’mod9 and let k = (m - m’)/9; for G, = ... = Gk = GG any 
concatenation of G 1, . . . . Gk, Gz, is a maximum element Gg of ‘?I&. Fig. 13 shows the 
elements GT, and G&. 
For all mE N the number of paths p*(m) of maximum elements of %m is given 
below: 
Form < 9: m 12345678 
p*(m) 11223456 
For m > 9: p*(m) = gmi9 
p*(m) = 9’“_ lW9.1() 
p*(m) = gw-1u19.13 
p*(m) = 9ww9.2 
p*(m) = 9’“- 13)/9.21 
p*(m) = 9ww9.3 
p*(m) = g(m-W9.4 
p*(m) = 9(m-7U9.5 
p*(m) = 9(m- 17)/9.55 
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